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1 VALIANT

det Xn X12 X13 Xn X22x33

X21 X 22 X2y
= · XII X23x32I I

Xi X32 X35
- X12X2 1 Xby

+ X12X23X31
+ X13X21432- Y13x22X31



det Xn X12 X13 xnX22x3x()(2)(3)
X21 X 22 X2y

= · XII X23x32 (1)(23)I I
Xi X32 X35

- X12x21Xby (12) (3)
+ X 12x23X31(123)

+ X13X21432- Y13x22X31
(132) (13)(2)

THEoRem (Val ,78) : Every polynomial in
m variables is the determinant of an

new matux with entries of the form
90 + 9 , x + -- - + amXm.



P(x1 , 42 , 43,+y , 45, X6) =

- 8x, - 8xy +2xy
- X, Xy +2XsXy +X ,X2x

- X,XyX)
+ X2x4X6



P(x1 , 42 , 43,+y , 45, X6) =

- 8x, - 8xy +2xy
- X, Xy +2XsXy +X ,X2x

- X,XyX)
+ X2x4X6

I

X + Xy Xi X3 dc(f) = size of the smallest
det IO 2 X6

I determinant representing
1+X4 X24 f



permn = paro (x
- ... xm

(Xm--- - Xmm

=Tl

Lonji dc
. (parmm) = co (m) , - Superpolynomial in



GCT VIEWPONT

· Group action or polynomials
Prid : Homogeneous polynomials of degd

inn Variables

· Action of GL(n , c)

Ex: p
= Xi+ X,XzYy

3

8
= (2 % 6 (
301

go p
= (x +2xz+3xx) + (x+2x2+3xx)(x2)(X ,

+x)



Muley& Sohoni :

Of p is expressible as the determinant

of an nxn matrix (as in Valiant) then

t is in the orbit closure of deta
-

orbits
,
orbit closure

, geometric invariant theoya
representation theory



GCT Viewpoint
def

*1 +44(
**

)1+X4x24
O 2 X6

↓ homogenize
- 8x

, xq2 8x4X9

Z8 = det X , + X4 XI X3 z

+2xzXq-X,X6X9
Xa+X4 X24X9 +2xxyXg +MY2Y( ⑧ 2X9 46

(
- x ,xyXy+X 2x4X)



ketchof proof :
· Identify linearly
independent entries . (*)⑧ 2X9 16

· Find a basis of the

complement
X5
,
47

, X8

· Replace dependent forms (NetY :
=

0 +X7 2XYg
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I

⑨ 00100 0 06

& 8 000 00
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O 0000010 G
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g . det (Xx - ...,Xa) = y



g(x , +) = det /X
s

(X24X9

-X- 2xg+ExyX6

= det (x+Xy x XI X3

Xq+X4I 242) (+x7 exgity XS

= det

+de( + (7)



OBSERVE :
-

q(x,z) = z + E)( ++ ) )

As t - 0, alxH
-> z

x() = 010000 000

x() . y = q(X , t)
00 100 000 0

00 00 00 0

6000 to oo oI
10 000000

( xH/g- dut] EiseG00001000
500000 to O

00 00 00 ot o

00 000r01



RECASTING VALIANT .

For
every homogeneous poly g of

degd ina variables there is

an n > d , sit
d

g
is

the leading term of the action

of a 1-PS on a point in the orbit

of deta (le) Odet)79



GCT approach :
1) Understand Teto under Glut det

2) O(detr) = Ghi/- Stab of deter
= [g(g . det

man33) Olapam)G
LOWER BOUND SHOULD COME from
STABILIZER DATA



Yu Hs↑

K =z
&( .

y = z + Eye+ ---
limit ↑ tangent of

approach

& Understand how K & H are
related



Lie Groups <
Lie Algebsas

1 .
Lie (Ghn) = Mr
CJ : MuxMa-> Mr

(A, 1- AB-BA



· 2) Lie (SL) = [Memn) To (n) = 03
[J : (A ,B) ↳- AB-BA

3) Lie (Unipotent)- Nilpotent oppes
& matrices



Stabilizer Limits
· Lie (Ghnz) = Mus (4)
· XJG Mue(p) - Conjugation
x()= (E) M =(

913

(923

931 932 933



&() · M =[s
·

+200



Ref.
"

For M + 0 in Mr
,
MO is

the coeff of the least exponent of
t in XCI . M.

So if X(1
. M = [

[Ma
,
= min Ma
a

a
,Mato

Her O is the all zuos matrix



Lemma[As] Assume z = Y under X(E);
= Lie (k) ; It = Lie (H) ; Define

:= [E/ke*] . Then

1) dim(* ) = dim (*)

2) S ;

3)I is a Lie subalgebra of :: Mi



TH[ASS] z : = y under XA)
Either : X A

① - a unipotent u , my
-> z

and a diagonalizable Rek,
sit

Ubu Est ⑳
⑦ is a Nilpotent Lie algebra.



BRUHAT-TITS theory
· Bounded subgroups of Karise
from convex functions for"root
system of K . K

I

· A gives a convexfunctor fx ;

: How are & K
#
related ?



· Like to believe that convex

functions [fx] and[i]
will give information on how se(r)
is generated from Ki



Thank You




